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Abstract
Given an unbounded domain Ω of a Hadamard manifold M , it
makes sense to consider the problem of finding minimal graphs with
prescribed continuous data on its cone-topology-boundary, i.e., on its
ordinary boundary together with its asymptotic boundary. In this ar-
ticle it is proved that under the hypothesis that the sectional curvature
of M is ≤ −1 this Dirichlet problem is solvable if Ω satisfies certain
convexity condition at infinity and if ∂Ω is mean convex. We also
prove that mean convexity of ∂Ω is a necessary condition, extending
to unbounded domains some results that are valid on bounded ones.
1 Introduction
The classical theorem of Jenkins and Serrin on minimal graphs theory, fol-
lowing the works of Bernstein [5], Haar [19], Rado´ [30] and Finn [15], states
the following.
Theorem 1 (Theorem 1 of [23]) Let D ⊂ Rn be a bounded domain whose
boundary is of class C2. Then the Dirichlet problem for the minimal surface
equation in D is well posed for C2 boundary data if and only if the mean
curvature of ∂D is everywhere nonnegative.
In the last four decades, several works considered problems related to
Theorem 1 in distinct directions. Some of them are listed below togheter
with some references.
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• Unbounded domains of R2: [22, 10, 33, 32, 25, 27, 26].
• Bounded domains of a Hadamard manifold M : [16, 28, 3].
• Asymptotic Dirichlet problems on Hadamard manifolds: [13, 31, 17, 8].
• Replace the ambient space Rn+1 by the hyperbolic spaces Hn+1 [4, 18,
24, 29] or other ambient spaces with a Killing field satisfying certain
hypotheses [1, 11, 12]. In this setting it is natural to consider CMC
Killing graphs and there is an extensive bibliography on it.
The purpose of this article is to prove that similar existence and nonex-
istence results remain valid if in Theorem 1 Rn is replaced by a Hadamard
manifold M with sectional curvature KM ≤ −1 and the domain D is un-
bounded and “strictly convex at infinity”, see Definition 4.
Classically Dirichlet problems on unbounded domains are considered in
R
n without prescribed values at infinity. In fact, sometimes the behavior at
infinity of bounded solutions are determined by their boundary values. For
instance, in R2 it is a consequence of Theorem 2 of [10], that states that if u
and v are distinct solutions of the Dirichlet problem in an unbounded domain
U ⊂ R2 that coincide on ∂U , then sup |u − v| must have at least logarithm
growth. However, since the manifolds that we consider in this work have
sectional curvature KM ≤ −1, it turns out that the asymptotic boundary of
unbounded domains may be “good enough” to prescribe continuous data on
them. It therefore makes sense to consider the generalized Dirichlet problem
for the minimal hypersurface equation, Problem 2, described in the sequel. In
order to state it, let us introduce some useful notations that are not standard.
Throughout this paper M denotes a m-dimensional Hadamard manifold,
m ≥ 2, with sectional curvature KM satisfying KM ≤ −1. The asymptotic
boundary ∂∞M of M is defined by the set of equivalence classes of geodesic
rays that stay at finite distance for all time and it is possible to compactify
M adding ∂∞M to it;M :=M∪∂∞M carries the so-called cone topology, see
[14], which makes it canonically homeomorphic to a closed ball. If U ⊂ M
is any set, we denote by U
ct ⊂ M and ∂ctU ⊂ M its closure and boundary
in terms of cone topology; we also use the notation ∂∞U := ∂
ctU ∩ ∂∞M .
Problem 2 Let Ω ⊂ M be a C2 domain of M . Given ϕ ∈ C(∂ctΩ), find a
minimal graph over Ω that atains ϕ on its boundary, or, equivalently, to find
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a solution of the Dirichlet problem
u ∈ C2(Ω) ∩ C
(
Ω
ct
)
,
M(u) := div
(
∇u√
1 + |∇u|2
)
= 0 in Ω,
u|∂ctΩ = ϕ.
Concerning the existence part, maybe the main difficulty to deal with
unbounded domains is the nonexistence of natural barriers. In general, bar-
riers are constructed using distance function to a point or to the boundary
of the domain, which is impossible to adapt directly to points at infinity.
The geometry of M at infinity plays an important role at this point. For
instance, the hyperbolic spaces Hn have “good geometry” at infinity by the
existence of hyperspheres separating points at infinity and having their prin-
cipal curvatures with the correct sign. The natural way to generalize this
fact in order to use Hessian’s comparison Theorem and adapt barriers of Hn
to another Hadamard manifolds is given by the strict convexity condition
(SC condition) at infinity, introduced in [31]. In that work it is proved that
Problem 2 is solvable for Ω = M (in this case, it is called the Asymptotic
Dirichlet Problem) and for any continuous boundary data if M satisfy the
SC condition, described below.
Definition 3 A Hadamard manifold M is said to satisfy the strict convexity
condition at infinity if for all x ∈ ∂∞M and all relatively open subset W ⊂
∂∞M , there exists Ω ⊂M of class C2 such that M\Ω is convex.
At this point, it should be mentioned that under the hypothesis KM ≤
−1, the SC condition is always satisfied by 2-dimensional manifolds, by the
rotationally symmetric ones and by those manifolds with controled decay on
sectional curvature (exponential decay), see also [31]. We also should mention
that under the same assumption on KM , the SC condition is equivalent to
the convex conic neighborhood condition presented by H. Choi in [9] in the
study of the asymptotic Dirichlet problem with respect to Laplace’s operator
on Cartan-Hadamard manifolds; the equivalence is a consequence of Lemma
1 of the work [7] of A. Borbe´ly. In fact, both Dirichlet problems are closely
related and may be studied together, see also [31].
Contrasting with the existence results under SC condition, we cite the
counterexample constructed in [21] by I. Holopainen and J. Ripoll. In this
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work the authors present a Hadamard manifold with KM ≤ −1 that does not
admit solution to the asymptotic Dirichlet problem for minimal hypersurface
equation for any continuous ϕ ∈ C(∂∞M), although there are bounded non-
constant minimal graphs globally defined on M , see Theorem 1.1 of [21].
This counterexample proves that the condition KM ≤ −1 is not sufficient to
solve Problem 2 with any continuous boundary data.
Taking account all these facts, the following definition is natural.
Definition 4 A domain Ω ⊂ M is called strictly convex at infinity if for
any x ∈ ∂∞Ω and any Γ ⊂ ∂ctΩ relatively open neighborhood of x there exists
V = V (x,Ω) ⊂ Ω open neighborhood of x such that V ∩ ∂Ω ⊂ Γ and all
the principal curvatures of ∂V ∩ Ω, oriented in the direction of Ω\V , are
non-negative.
We notice that when Ω =M , this definition coincides with SC condition.
With Definition 4 it is possible to state our main existence result.
Theorem 5 Let Ω ⊂ M be a mean-convex domain (with respect to the in-
ward orientation) that is strictly convex at infinity. Then Problem 2 is solv-
able for any continuous boundary data.
Returning our attention to Theorem 1, when Ω ⊂ Rn is bounded, the
mean-convexity is a necessary condition to the solvability of Problem 2 for
any continuous ϕ. The second part of this article is dedicated to prove that
mean convexity is also necessary in M if we deal with unbounded domains
and require boundedness of solutions. In Section 3 we present some necessary
lemmata and the proof of the following nonexistence result.
Theorem 6 Let Ω ⊂ M be a domain and suppose that there exist y ∈ ∂Ω
such that the mean curvature of ∂Ω at y (w.r.t. the inward orientation)
satisfies H(y) < 0. Then there exists a continuous function ϕ : ∂ctΩ → R
such that Problem 2 is not solvable.
The construction of ϕ needs basically two ingredients: First of all, the
local aspect concerning about the negativity of the mean curvature H(y).
It is essential to guarantee that ϕ(y) is bounded by values of the solution
on a small sphere centered at y, say, on Sr(y) ∩ Ω. The second essential
ingredient is the existence of a bounded barrier in Ω\Br(y) with some special
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properties. Similar results outside Rn were proved on bounded domains
considering barriers depending on the diameter of Ω, as in [29]. Our main
improvement is to drop the dependence on the size of the domain.
Combining the results of Theorems 5 and 6, we get
Theorem 7 Let Ω ⊂M be a domain that is strictly convex at infinity. Then
the Dirichlet problem 2 is solvable for any continuous boundary data if and
only if Ω is mean convex.
It remains an open question what happens if we assume that Ω is not
strictly convex at infinity. We conjecture that in this case it is also possible to
construct a continuous function on ∂ctΩ for which the Dirichlet problem is not
solvable and therefore strict convexity at infinity is also a necessary condition.
Since it deals with non existence of solutions in arbitrarly large domains,
Theorem 6 may have an important role on the study of this conjecture.
To finish, we should mention that there is a big gap between the behavior
of KM at infinity on the cases where Theorem 5 is true and on the ones where
it is false. It also remains unknown if there exist some sharp condition on
KM that assures solvability of Problem 2 for any continuous boundary data.
2 Existence result
This section is dedicated to prove Theorem 5. We start with a very important
tool, the comparison principle for unbounded domains. It plays an important
role in both existence and uniqueness parts. At this moment we just need to
work with functions that extend continuously to the asymptotic boundary,
however in Section 3 we treat with a larger class of functions, as stated above.
Proposition 8 (Comparison Principle for unbounded domains) Let U ⊂
M be an unbounded domain of M . If u, v ∈ C2(U) are such that M(v) ≤
M(u) on U with lim supp→x u ≤ lim infp→x v for all x ∈ ∂ctU , then u ≤ v in
U .
Proof. Choose o ∈ M . Let ε > 0 be an arbitrary constant. Using the basis
of the cone topology of M , we obtain that for all x ∈ ∂∞U , there is an open
truncated cone Nx := To(x, αx, Rx) (that is, the image of a truncated cone of
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opening angle αx and radius Rx by the exponential map of some point o) such
that u < v + ε on Nx. Since ∂∞U is compact, there exists uniform R such
that u < v + ε on U\BR(o). In addition, notice that the hypothesis implies
that u ≤ v on ∂U . Therefore we have u ≤ v + ε on ∂(U ∩ BR(o)), which
imply, by the Comparison Principle on bounded domains, that u ≤ v + ε on
U ∩BR(o), and hence the last inequality holds on U . Since ε is arbitrary, the
proof is complete.
In the sequel, we prove Theorem 5.
We first claim that if Problem 2 admits solution for all boundary data
in C∞(∂Ω) ∩ C(∂ctΩ), then it admits solution if ϕ ∈ C(∂ctΩ). Indeed, we
consider increasing and decreasing sequences {ϕ−n }n, {ϕ+n }n ⊂ C∞(∂Ω) ∩
C0(∂ctΩ), respectively, converging to ϕ. By assumption, for each n we obtain
u−n , u
+
n ∈ C2(Ω) solutions ofM = 0 in Ω and with u−n = ϕ−n , u+n = ϕ+n on ∂ctΩ.
By the Comparison Principle {u−n }n is increasing and {u+n }n is deacreasing
with n. Interior gradient estimates of [34] guarantee that we may extract
converging on compacts subsets subsequences of them and then obtain C2
functions u− ≤ u+ ,solutions ofM = 0 in Ω, with boundary values given by
ϕ. Comparison Principle implies that u− = u+: that is the desired u.
From now on, we will assume w.l.g. that ϕ ∈ C∞(∂Ω) ∩ C(∂ctΩ).
Let Ω1 ⊂ Ω2 ⊂ . . . be an exhaustion of Ω by bounded mean-convex
domains. Theorem 2 of [11] (with H = 0, and hence with any r0) implies
that there exist uk ∈ C2(Ωk) ∩ C(Ωk) such that M(uk) = 0 in Ωk and
uk|∂Ωk = ϕ. Applying Theorem 1.1 of [34] and the diagonal method we obtain
a subsequence of uk uniformly convergent on compacts of Ω, converging to a
function u ∈ C2(Ω) that has minimal graph.
Since ∂Ω mean convex, standard arguments guarantee that the solution
assumes the desired data on ∂Ω. To conclude the proof one needs to guar-
antee that it also extends continuously to ∂∞Ω, hence in the following we
construct barriers at infinity.
We say that a function Σ ∈ C0 (Ω) is a supersolution for M if, given a
bounded subdomain U ⊂ Ω, if u ∈ C2(U) ∩ C0 (U) is a solution of M = 0
in U , the condition u|∂U ≤ Σ|∂U implies that u ≤ Σ|U . We may also define
subsolution replacing ≤ by ≥.
Given x ∈ ∂ctΩ and an open subset V such that x ∈ ∂ctV ∩ ∂ctΩ, we
call an upper barrier for M relative to x and V with height C a function
Σ ∈ C(Ω) such that
6
(i) Σ is a supersolution for M;
(ii) Σ ≥ 0 and lim
p∈M,p→x
Σ(p) = 0, the limit with respect to the cone topol-
ogy;
(iii) ΣΩ\V ≥ C.
Lower barriers are defined analogously.
A point x ∈ ∂ctΩ is said to be regular (w.r.t. the mean curvature operator
M) if it satisfies the following property: given C > 0 and a relatively open
subset W ⊂ Ωct with x ∈ W , there exist an open set V ⊂ W such that
x ∈ Int ∂ctV ⊂ ∂ctW and an upper barrier Σ : Ω → R relative to x and V ,
with height C.
Lemma 9 The function u obtained by the exhaustion argument extends con-
tinuously to ϕ to each regular point x ∈ ∂∞Ω.
Proof. Let x ∈ ∂∞Ω and ε > 0. Since ϕ is continuous, there exists an open
neighborhood W ⊂ Ωct of x such that ϕ(y) < ϕ(x) + ε/2 for all y ∈ W .
Furthermore, the regularity of x implies that there exists an open subset
V ⊂W such that x ∈ Int ∂ctV ⊂ ∂ctW and an upper barrier Σ : Ω→ R with
respect to x and V with height C := maxΩ |ϕ|.
Defining
v(q) := Σ(q) + ϕ(x) + ε,
we claim that u ≤ v in V : In fact, let Vk := V ∩ Ωk, k ≥ k0, where k0
is choosen such that Ωk0 ∩ V 6= ∅. Notice that uk ≤ v in Vk because the
inequality holds on ∂Vk = (∂Ωk ∩ V )∪ (∂V ∩ Ωk): on ∂Ωk ∩V , it is true due
to the choice of V ; on ∂V ∩ Ωk, it holds because Σ ≥ max |ϕ| on ∂V ∩ Ω,
which implies that Σ ≥ uk, by the Comparison Principle.
Since uk ≤ v for all k ≥ k0, we have u ≤ v on V .
It is also possible to define v− : M → R by v−(q) := ϕ(x) − ε − Σ(q) in
order to obtain u ≥ v− in V . It then holds that
|u(q)− ϕ(x)| < ε+ Σ(q), ∀ q ∈ V,
and hence
lim sup
p→x
|u(p)− ϕ(x)| ≤ ε.
7
The proof is then complete, since ε > 0 is arbitrary.
To finish, we are now going to prove regularity at the points of ∂∞Ω.
Proposition 10 Let Ω ⊂ M be a domain that is strictly convex at infinity.
Then M is regular at each point of ∂∞Ω.
Proof. Let x ∈ ∂∞Ω and let W ⊂ Ωct be an open neighborhood of x. By
hypothesis, there exist V ⊂ Ω open neighborhood of x such that V ∩ ∂ctΩ ⊂
∂ctW =: Γ and ∂V ∩Ω has nonnegative principal curvatures. We may assume
without loss of generality that V ⊂ W : by Hessian’s comparison Theorem,
all equidistant hypersurfaces of ∂V ∩ Ω contained in V have nonnegative
principal curvature (oriented to Ω\V ); furthermore, since ∂ctV ⊂ Γ, it holds
that after some finite distance all hypersurfaces equidistant to ∂V ∩ Ω are
contained in W .
Consider s : V → R the distance function to ∂V ∩ Ω. Since KM ≤ −1
and all principal curvatures of ∂V ∩ Ω are nonnegative, we have that the
Laplacian of s satisfies ∆s ≥ (n − 1) tanh s (see, for instance, Theorem 4.3
of [9]).
Define g : (0,+∞)→ R by
g(s) :=
∫ +∞
s
dt√
cosh2(n−1) t− 1
.
Notice that g is well-defined and lims→0+ g(s) = +∞, lims→+∞ g(s) = 0.
Define now w : V → R by w(p) := g(s(p)). A straightfoward computation
gives
M(w) = (n− 1) coshn−1 s sinh s+ (1− n) cosh1−n s∆s
and hence the estimative ∆s ≥ tanh s leads to M(w) ≤ 0.
We remark that w is a solution if M = Hn and V is a totally geodesic
hypersphere.
To finish with the proof, define the supersolution Σ ∈ C0 (Ω) by
Σ(p) =
{
min {w(p), C} if p ∈ V
C if p ∈ Ω \ V,
which is of course an upper barrier relative to x and V with height C and
hence the proof is complete.
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3 Nonexistence result
We now prove that mean-convexity of ∂Ω is a necessary condition, as stated
in Theorem 6.
We start with the next classical Lemma, proved by Jenkins and Serrin on
[23] in the case where the domain is bounded and contained on Rn.
Lemma 11 Let U ⊂M be an open domain and Γ relatively C1 open subset
of ∂U . If u ∈ C(U) ∩ C2(U ∪ Γ) and v ∈ C(U) ∩ C2(U) satisfy
M(v) <M(u) in U ; (1)
u ≤ v on ∂U\Γ and (2)
∂v
∂ν
= −∞ in Γ, (3)
where ν is the inner normal vector to ∂U , then u ≤ v in U .
Proof. If u ≤ v on Γ, the result is a consequence of Comparison Principle.
Suppose by contradiction that there exists y ∈ Int Γ such that d := maxΓ(u−
v) = u(y)− v(y) > 0. Then u ≤ v + d on ∂U , and hence by the Comparison
Principle we have u ≤ v + d in U . Therefore
∂
∂ν
(u− v)(y) ≤ 0⇒ ∂
∂ν
(u)(y) ≤ −∞
contradicting the fact that u ∈ C2(U ∪ Γ).
Lemma 12 Let Ω ⊂ M be an open C2 domain (possibly unbounded) with
mean curvature (with respect to the inner normal) H : ∂Ω→ R. Suppose that
there exists y ∈ ∂Ω such that H(y) < 0. Then there exists s > 0 depending
only on the local geometry of Ω near y and C > 0 depending only on H(y)
such that if u ∈ C2(Ω) ∩ C(Ωct) satisfy M(u) = 0 in Ω, then
u(y) ≤ C + sup
∂Bs(y)∩Ω
u.
Proof. Let d : Ω˜ → R be given by d(x) = dist (x, ∂Ω), where Ω˜ ⊂ Ω is the
open subset where d is smooth.
Since H(y) < 0, it holds that ∆d(y) = −H(y) > 0. Since ∂Ω is C2, there
exists s > 0 such that Bs(y) ∩ Ω ⊂ Ω˜ and
∆d(x) > −H(y)
2
=: ǫ, ∀x ∈ Bs(y) ∩ Ω.
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This is the required s.
We claim that if x ∈ Bs(y)∩Ω, then u(x) ≤ C + sup∂Bs(y)∩Ω u. To prove
it, let Γx be the level set of d that contains x and Ωx be the set enclosed by
Γx and ∂Bs(y), that is, Ωx := {p ∈ Bs(y) | d(p) > d(x)}.
Consider ψ given by
ψ(t) =
π
2
− arcsec (t + 1). (4)
Then ψ ≥ 0, ψ(0) = π/2 and limt→+∞ ψ(t) = 0. Its first and second deriva-
tives are given below:
ψ′(t) = − 1
(t + 1)
√
t2 + 2t
;
ψ′′(t) =
1
(t+ 1)2
√
t2 + 2t
+
1
(t2 + 2t)3/2
.
Define w : Bs(y) ∩ Ωx → R by
w(p) := Aψ(d(p)) + sup
∂Bs(y)∩Ω
u,
where A > 0 is to be determined. After some computations we obtain
(1 + |∇w|2)3/2M(w)(p) = Aψ′′(d(p)) + (Aψ′(d(p)) + A3ψ′(d(p))3)∆d(p).
Using then that ∆d(p) > ǫ and ψ′ < 0 in the domain we are considering, we
obtain
(1 + |∇w|2)3/2M(w) ≤ A [ψ′′ + ǫψ′ + ǫA2ψ′3]
= A(t + 1)−3(t2 + 2t)−3/2
[
(t + 1)(t2 + 2t) + (t + 1)3
− ǫ(t + 1)2(t2 + 2t)− ǫA2] .
Notice that the term into the brackets is a polynomial of degree 4, leader
coefficient −ǫ < 0 and independent term 1− ǫA2. Then it is clear that there
exists A > 0 large enough in such a way that this polynomial is negative for
all t ≥ 0; with this choice of A we obtain that M(w) < 0 on Ωx.
Furthermore, by definition of w we have w ≥ u on ∂Bs(y) ∩ Ωx and
∂w/∂ν = −∞ on Γx, which is an open C1 portion of ∂Ωx. We also notice
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that u ∈ C2(Γx). By Lemma 11, we obtain w ≥ u in Ωx. Since x is arbitrary
and u is continuous, it holds the desired inequality with C = Aπ
2
what
concludes the proof.
Proposition 13 Let M be a Hadamard manifold with sectional curvature
KM ≤ −1. There exists universal C > 0 such that if Ω is a C1 domain of
M and u satisfy M(u) = 0 in Ω, then
sup
∂Bs(y)∩Ω
u ≤ C + sup
∂ctΩ\Bs(y)
u
for all y ∈ ∂Ω and s > 0 such that ∂Bs(y) ∩ Ω is a nonempty connected set.
Proof. Consider v : Ω\Bs(y)→ R given by
v(x) = Bψ(r(x)) + sup
∂ctΩ\Bs(y)
u,
where ψ is given by (4), r(x) := dist (x, ∂Bs(y)) and B is an appropriated
constant to be chosen latter. Since KM ≤ −1, we have by the Hessian’s
Comparison Theorem that ∆r ≥ n− 1. Hence mimicking the computations
of the previous Lemma we obtain the same polyomial, except that we have
n − 1 instead of ǫ and B instead of A. It is again clear that there exists
B large enough such that M(v) ≤ 0. We remark that such constant does
not depend on anything (except in the fact that KM ≤ −1) since we may
choose the constant that is appropriate to the case n = 2 and it works on all
dimensions.
We are again on the hypotheses of Lemma 11, now considering U =
Ω\Bs(y). Hence we obtain, for all x ∈ ∂Bs(y) ∩ Ω,
u(x) ≤ sup
∂ctΩ\Bs(y)
u+B
π
2
and the proof is complete.
Proof of Theorem 6. Combining the estimates obtained on Lemma 12 and
Proposition 13, we obtain the existence of a continuous function ϕ : ∂Ω→ R
for which Problem 2 is not solvable: it suffices to put ϕ(y) = π(A+B), where
A and B are given by the previous results, and ϕ = 0 on ∂Ω \ Bs(y), where
s is given on the proof of Lemma 12.
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4 Applications
Corollary 14 Let Ω be a domain that has only finitely many points on ∂∞Ω.
Then Problem 2 is solvable for any continuous ϕ if and only if Ω is mean-
convex.
Proof. Notice that since ∂∞M is compact, then ∂∞Ω is also compact and
therefore “finitely many points on ∂∞Ω” is equivalent to “isolated points on
∂∞Ω”. In order to apply Theorem 7, it suffices to prove that Ω is strictly
convex at infinity.
Let x ∈ ∂∞Ω and W ⊂ Ωct a relatively open neighborhood of x. We
may suppose without loss of generality that x is the only point at infinity of
W , otherwise we just work with any open subset of W where this property
holds. Choosen o ∈ M\W , we have that W is contained on some truncated
cone centered at o with radius R > 0, and as a consequence we have ∂W ⊂
M \ BR(o). Set V := Ω\BR(o), and it is clear that it satisfies the required
conditions.
Corollary 15 If M satisfies the SC condition and Ω is a mean-convex do-
main of M such that ∂∞Ω is composed only by open portions and isolated
points, then Problem 2 is solvable in Ω. In particular, this is the case where
if either dimM = 2, or M is rotationally symmetric, or
min{KM(Π); Π is a 2− plane in TpM, p ∈ BR+1(o)} ≥ − e
2kR
R2+2ǫ
, R ≥ R∗,
(5)
for some constants ǫ, R∗ > 0.
The particular cases of Corollary above may be found in [31].
4.1 Application of the technique: Dirichlet problems
for p-Laplacians
Consider now the following Dirichlet problem for the p-Laplacian operator,
p > 1, for continuous u in the Sobolev space W 1,p(Ω):{
∆p(u) := div (|∇u|p−2∇u) = 0 in Ω,
u|∂Ω = ϕ. (6)
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Concerning the case Ω =M , the counterexamples constructed by A. An-
cona in [2] and by A. Borbe´ly in [6] show that some convexity at infinity is
also needed to obtain existence of solutions of asymptotic Dirichlet problems
related to the Laplacian operator ∆. In [20], I. Holopainen constructed a
counterexample for the p-Laplacian operator ∆p. The manifolds constructed
by them contain a point in ∂∞M with the property that any open neighbor-
hood of it has the whole manifold as the convex hull, and hence M is not
strictly convex at infinity.
On the other hand, in [31] the authors proved that the SC condition
is sufficient for solvability of asymptotic Dirichlet problems w.r.t. ∆p. We
may extend this result to our case, proving that if Ω is stricly convex at the
infinity, then all x ∈ ∂∞Ω is regular with respect to the operator ∆p.
The proof is mutatis mutandis the same as we have done above; it is
sufficient to replaceM by ∆p and the function g constructed in Theorem 10
by the following one:
g(s) := c
∫ +∞
s
cosh
1−n
p−1 (t)dt,
where c is a sufficiently large constant (c = 2C(cosh 1)
n−1
p−1 works good).
Together with the classical theory of existence of solution over bounded
domains that satisfy the exterior sphere condition, we obtain the following
result.
Theorem 16 Let M be a Hadamard manifold with sectional KM ≤ −1.
Let Ω ⊂ M be an unbounded domain that is strictly convex at infinity and
that satisfies the exterior sphere condition on its finite part, namely, given
x ∈ ∂Ω, there exist a sphere contained in M \ Ω that is tangent to ∂Ω at x.
Then given Problem (6) is solvable for any ϕ ∈ C(∂ctΩ).
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